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Abstract. In this paper we characterize the validity of the Hardy-type inequahty 
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where < p < oo, < 


q < -l-cxD, u, 


w and V are weight functions on (0, oo). It is pointed 



out that this characterization can be used to obtain new characterizations for the bounded- 
ness between weighted Lebesgue spaces for Hardy-type operators restricted to the cone of 
monotone functions and for the generalized Stieltjes operator. 



1. Introduction 

Throughout the paper we assume that / := (a, b) C (0, oo). By we denote the set of 

all measurable functions on /. The symbol A4~^{I) stands for the collection of all / G -Mil) 
which are non-negative on /, while A4~^{I, ; J,) is used to denote the subset of those functions 
which are non-increasing on /. The family of all weight functions (also called just weights) 
on I, that is, locally integrable non-negative functions on (0, oo), is denoted by W(/). 

For p G (0, +oo] and w G 7W+(/), we define tlie functional || • Hp^iii,/ on M{I) by 



\f\\p,w,I 



{fj \fix)\Pw{x) dxf'^ if p<+oo 

esss\xpi\f{x)\w{x) if p = +oo. 



If, in addition, w G W(/), then the weighted Lebesgue space LP{w,I) is given by 

LP{w,I) = {f eM{I): |I/|U,/<+oo} 

and it is equipped with the quasi-norm || • ||p,io,/. 

When w = 1 on /, we write simply L^(/) and || • ||p^7 instead of LP{w,I) and || • ||p,u),/, 
respectively. 

Everywhere in the paper, u, v and w are weights. We denote by 

U{t) := [ u{s)ds, V{t) := [ v{s)ds for every t G (0, oo). 



Jo Jo 
and assume that U{t) > for every t G (0, oo). 
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In this paper we characterize the vaUdity of the inequaUty 
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q,w,(0,oo) 



where 0<p<oo, 0<^< +00, 6 = 1, u, w and v are weight functions on (0, 00). Note that 
inequahty (jl.ip have been considered in the case p = 1 in [3] (see also [5]), where the result 
is presented without proof, in the case p = 00 in [10] and in the case 9 = 1 in [11] and |22] . 
where the special type of weight function v was considered, and, recently, in [13] in the case 
0<p<oo,0<q< +00, 1 <9 < 00. 

We pronounce that the characterization of the inequality (jl.ip is important because many 
inequalities for classical operators can be reduced to this form. Just to illustrate this important 
fact we give two applications in Section [5] of the obtained results. Firstly, we present some 
new characterizations of weighted Hardy-type inequalities restricted to the cone of monotone 
functions (see Theorems 15.31 and 15 .4p . Secondly, we point out boundedness results in weighted 
Lebesgue spaces concerning the weighted Stieltjes's transform (see Theorems 15.61 and 15. 7p . 
Here we also need to prove some reduction theorems of independent interest (see Theorems ETJ 
521 and EH). 

Our approach is based on discretization and anti-discretization methods developed in [8], 
[9], |llj and |13j . Some basic facts concerning these methods and other preliminaries are 
presented in Section [2l In Section [3] discretizations of the inequalities (|l.ip are given. Anti- 
discretization of the obtained conditions in Section [3] and the main results (Theorems 14. H 1412) 
and 14. 3p are stated and proved in Section HI Finally, the described applications can be found 
in Section m 



2. Notations and Preliminaries 

Throughout the paper, we always denote by c or C a positive constant, which is independent 
of the main parameters but it may vary from line to line. However a constant with subscript 
such as ci does not change in different occurrences. By a ^ b, {b > a) we mean that a < A6, 
where A > depends only on inessential parameters. If a < 6 and b < a, we write a ^ b 
and say that a and b are equivalent. Throughout the paper we use the abbreviation LHS(*) 
(RHS(*)) for the left (right) hand side of the relation (*). By XQ we denote the characteristic 
function of a set Q. Unless a special remark is made, the differential element dx is omitted 
when the integrals under consideration are the Lebesgue integrals. 

Convention 2.1. (i) Throughout the paper we put l/{+oo) = 0, (+oo)/(+cx3) = 0, 1/0 = 
(+00), 0/0 = 0, • (±00) = 0, (+00)° = +00 and q° = 1 if a G (0, +00). 

(ii) If p G [1, +00], we define p' by 1/p + 1/p' = 1. Moreover, we put p* = if p G (0, 1) 
and p* = +00 if p = 1. 

(iii) If / = (a, 6) C M and g is a monotone function on /, then by g{a) and g{b) we mean 
the limits limx-^a+ dix) and liiaix^b- g{x), respectively. 

In the paper we shall use the Lebesgue-Stieltjes integral. To this end, we recall some basic 
facts. 

Let (p be non-decreasing and finite function on the interval / := (a, b) C M. We assign to 
(f the function A defined on subintervals of / by 

A([a,/3]) =(/.(/?+) -(^(a-), (2.1) 
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X{[a,P))=p{(3-)-p{a-), (2.2) 

A((a,/3]) =v?(/3+)-(/.(a+), (2.3) 

A((a,/3)) =v?(/3-)-(^(a+). (2.4) 

The function A is a non-negative, additive and regular function of intervals. Thus (cf. 
Chapter 10), it admits a unique extension to a non- negative Borel measure A on I. 
The formula (|2.2p imply that 



d^ = ^{(3-)-p{a-). (2.5) 

Note also that the associated Borel measure can be determined, e.g., only by putting 

z\) = ip{z+) - ip{y-) for any [y, z] C I 

(since the Borel subsets of / can be generated by subintervals [y, z] C /). 

If J C /, then the Lebesgue-Stieltjes integral fj f dip is defined as Jj / dX. We shall also use 
the Lebesgue-Stieltjes integral /j / dip when ip \s a, non- increasing and finite on the interval 
I. In such a case we put 



fdip:=- fd{-^). 
J J. J 

We conclude this section by recalling an integration by parts formula for Lebeshgue-Stieltjes 
integrals. For any non-decreasing function / and a continuous function (7 on R the following 
formula is valid for — oo<Q!</3<oo: 



f{t) digit)) = fiMm - /(«-)5(a) + / gim-fit-)). (2.6) 

Remark 2.1. Let / = (a, 6) C R. If / G C(I) and ip\sa. non-decreasing, right continuous and 
finite function on /, then it is possible to show that, for any [y, z] C /, the Riemann-Stieltjes 
integral J^^^^fdip (written usually as f dip) coincides with the Lebesgue-Stieltjes integral 
f{yz] /"^V- III particular, if f, g £ C(/) and ip is non-decreasing on /, then the Riemann- 
Stieltjes integral J^^ f dip coincides with the Lebesgue-Stieltjes integral J^^ f dip for any 
[y, z] C I. ' 

Let us now recall some definitions and basic facts concerning discretization and anti- 
discretization which can be found in [8], [9] and pT] . 

Definition 2.1. Let {flfc} be a sequence of positive real numbers. We say that {a^} is 
geometrically increasing or geometrically decreasing and write tt or when 

mf > 1 or sup < 1, 

respectively. 

Definition 2.2. Let ?7 be a continuous strictly increasing function on [0, 00) such that U (0) = 
and lim Uit) = 00. Then we say that U is admissible. 

i— >oo 

Let U be an admissible function. We say that a function ip is ?7-quasiconcave if p is 
equivalent to an increasing function on (0, 00) and ^ is equivalent to a decreasing function 
on (0,00). We say that a [/-quasiconcave function ip is non-degenerate if 

lim pit) = lim — — = lim \ = lim — ^ = 0. 

t^0+ t^oo (pit) t^oQ Uit) t^o+ pit) 
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The family of non-degenerate CZ-quasiconcave functions will be denoted by Qfj. We say that 
(f is quasiconcave when ip € with U{t) = t. A quasiconcave function is equivalent to 
a concave function. Such functions are very important in various parts of analysis. Let us 
just mention that e.g. the Hardy operator H f{x) = f{t)dt of a decreasing function, the 
Peetre ii'- functional in interpolation theory and the fundamental function ||x£;||x, ^ is a 
rearrangement invariant space, all are quasiconcave. 

Definition 2.3. Assume that U is admissible and (p G Qu- We say that {xk}kez is a 
discretizing sequence for (p with respect to U if 

(i) xo = 1 and U{xk) tt; 

(ii) ^{xk) tt and ^ ti; 

(iii) there is a decomposition Z = Zi UZ2 such that Zi = and for every t S [x^, 0:^+1] 

<p{xk) « ip{t) if k e Zi, 

Let us recall ([8], Lemma 2.7) that if 99 G Qjj, then there always exists a discretizing 
sequence for ip with respect to U. 

Definition 2.4. Let U be an admissible function and let be a non-negative Borel measure 
on [0, 00). We say that the function ip defined by 

f{t) = U{t) [ te(o,oo), 

^[0,00) U{s) + U{t) 

is the fundamental function of the measure v with respect to U. We will also say that is a 
representation measure of (p with rspect to U. 

We say that is non-degenerate with respect to U if the following conditions are satisfied 
for every t G (0, 00): 

f duis) \ I dv{s) f 

/ T7T-^ TTTT < oo, t ^ (0, oo) and / TTT^ = / diy[s) = oo. 

We recall from Remark 2.10 of |5] that 



(^(t) / du{s) + U{t) / U{sy^du{s), tG(0,oo). 

J[0,t] J[t,oo) 

Lemma 2.1. ([9j, Lemma 1.5). Let p G (0,cxd). Let u, w he weights and let ip he defined hy 

(/?(t) = ess sup p ess sup ^, tG(0, oo). (2-7) 



sG(0,t) re(s,oo) U{t)p 



1 



Then ip is the least U p -quasiconcave majorant of w, and 



1 / |.oo Y -^^ 

sup (p{t) I / I / h{z)dz u{s)ds 



te(o,oo) 



/I f Y \p 

esssu]pw{t) / / h{z)dz u{s)ds 

te(o,cx.) Jo \Js J J 
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for any non-negative measurable h on (0, oo). Further, for t S (0, oo) 



ip{t) = ess sup 'w{t) mill 

tG(0,oo) 



1 



if{t) ess sup ?i;(s) 

sG(0,oo) 



U{t)p ess sup esssupt(;(r), 

se(i,cx>) U{s)p reio,s) 

U{t) 



U{s) + U{t) 



Theorem 2.1. ([8j, Theorem 2.11). Let p, q, r € {0,oo). Assume that U is an admissible 
function, u is a non-negative non- degenerate Borel measure on [0, oo), and (p is the funda- 
mental function of u with respect to and a € Vtup. If {x/^.} is a discretizing sequence for ip 
with respect to , then 

^^Mt)^V^. 

'[o,oo) a{t)p kez^i^k)" 

Lemma 2.2. Corollary 2.13). Let q € (0, oo). Assume that U is an admissible function, 
f G ilf/, v is a non-negative non- degenerate Borel measure on [0, oo) and (p is the fundamental 
function of u with respect to . If {x^} is a discretizing sequence for ip with respect to , 
then 



Lemma 2.3. ([8], Lemma 3.5). Let p, q E (0,oo). Assume that U is an admissible function, 
p € and g € il-i/p- If {xk} is a discretizing sequence for p with respect to V^, then 



sup 



p{t) 



sup ■ 



p{xk) 



te(0,oo) g{t)v k& g{xk)p 

We shall use some Hardy-type inequalities in this paper. Denote by 



v{a,b) := ess sup v{s) ^, 



B(a, b) := sup 

heM+ii) 



h{z)dz 



I 



p,u,I 



1,V,I 



{21 



Lemma 2.4. We have the following Hardy-type inequalities: 
(a) Let 1 < p < oo. Then the inequality 

rb 

h{z)dz < c\\h\ 



p,u,I 



1,V,I 



(2.9) 



holds for all h € A4^{I) if and only if 

sup ( / u{z)dz\ v{t,b) < oo, 
and the best constant c = B{a,b) in ()2.9p satisfies 



B{a,b) ^ sup u{z)dz ] v{t,b). 



(2.10) 
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(b) Let < p < 1. Then inequality (j2.9p holds for all h € if and only if 

1 

u{z)dz ) u{t)v{t, by* dt\ < oo, 



a \J a 



and 



B{a,b) 



b / ft \P* > 

u{z)dz] u{t)v{t,bf'' dt 



These well-known results can be found in Maz'ya and Rozin [T7], Sinnamon |21] . Sinnamon 
and Stepanov t22j (cf. also [IE] and [H]). 

We shall also use the following fact (cf. [3], p. 188): 

C{a,b):= sup ^i;(a,6). (2.11) 

heM+{I) 

Finally, if g € (0, +oo] and {wk} = {wk}k€Z is a sequence of positive numbers, we denote 
by i'^{{wk},1') the following discrete analogue of a weighted Lebesgue space: if < g < +00, 
then 

ii{{wk},I^) = {{ak}k& ■■ \\a'khi{{wk},Z) ■= I'^'^^'^l'')' < +°°} 

kez 



and 



i^{{wk},Z) = {{ak} 



k& ■ \\ak\\i^{{wk},z) '■= sup \akWk\ < +00}. 



If Wk = 1 for all /c € Z, we write simply £'^{Z) instead of ^'^({wfc}, Z). 
We quote some known results. Proofs can be found in [T5] and [IGj. 

Lemma 2.5. Let q G (0,-|-oo]. If {Tk}kez is a geometrically decreasing sequence, then 



and 



Tk ^ a -n 

m<k 



Tk sup am 
m<k 



ii(Z) 



\Tkak\\£i{Z) 



\Tk(ik\\ei(Z) 



for all non-negative sequences {ak}kez- 

Let {ak}kez be a geometrically increasing sequence. Then 



cjk 



and 



m>k 



ak sup Om 



£i{Z) 



ei{z) 



for all non-negative sequences {ak}kez- 
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We shall use the following inequality, which is a simple consequence of the discrete Holder 
inequality: 

\\{akh}\\ei{z) < \\{ak}\\epiZ)\\{bk}\\ep{z), (2-12) 

wherei=fl-i) .0 



Given two (quasi-)Banach spaces X and Y ^ we write X \i X (ZY and if the natural 

embedding of X in y is continuous. 

The following two lemmas are discrete version of the classical Landau resonance theorems. 
Proofs can be found, for example, in [8]. 

Proposition 2.1. ([8j, Proposition 4.1). Let < p, q < oo, and let {vk}^^^ ^'^'^ {^^fcjfcez be 
two sequences of positive numbers. Assume that 

£Pi{vk},Z)^£'^{{wk},Z). (2.13) 

(i) If < p < q < oo, then 

\\{wkV^'^}\\eoo(^^) < C, 

where C stands for the norm of the inequality ()2.13p . 

(ii) If < q < p < oo, then 

\\{wkv^^}\\er(z) < C, 
where 1/r := 1/q — 1/p and C stands for the norm of the inequality (I2.13p . 

3. Discretization of Inequalities 
In this section we discretize the inequalities 

1 - 

ij^ L (/ ^^^)'^^) u{s)dsy w{t)dt] <cj^ h{z)v{z)dz, (3.1) 







and 



1 

p 



sup w{t) I / I / h{z)dz u{s)ds < c / h{z)v{z) dz. (3.2) 

iG(0,oo) \U{t) Jo \Js J J Jo 

We start with inequality ()3.ip . At first we do the following remark. 

q 

Remark 3.1. Let ip be the fundamental function of the measure w{t)dt with respect to Up , 
that is, 

(p{x) := I U{x, s)pw{s)ds for all j;G(0,oo), (3-3) 
Jo 

where 

U{x,t):^ 



U{t) + U{x) 

q 

Assume that w{t)dt is non-degenerate with respect to Up. Then 99 G i, and therefore 

q 

there exists a discretizing sequence for tp with respect to C/p . Let {x^} be one such sequence. 

_£ 

Then (p{xk) tt ^iiid (p{xk)U p J,^,. Furthermore, there is a decomposition Z = Zi U Z2, 
Zi n Z2 = such that for every k £ Zi and t € [xk, Xk+i], ^{xk) ~ ^{t) and for every k € Z2 

_ q _q_ 

andt £[xk,Xk+i], ^{xk)U{xk) p ^ (p{t)U{t) p. 



^For any o £ R denote by a+ = o when a > and a+ = when a < 0. 
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Next, we state a necessary lemma which is also of independent interest. 

Lemma 3.1. Let < q < oo, < p < oo, l/p = {1/q — 1) + , and let u, v, w he weights. 
Assume that u is such that U is admissible and the measure w{t)dt is non- degenerate with 

q 

respect to Up . Let {xk} be any discretizing sequence for ip defined by ()3.3p . Then inequality 
(j3.ip holds for every h G Ai^{0, oo) if and only if 



A 



—B{xk-i,Xk) 



U{xk)p 

and the best constant in inequality (|3.1|) satisfies 

c^A. 

Proof. By using Lemma \2.2\ with 

du{t) = w{t)dt and f{t) = 

we get that 

LHS (I3ID ~ I / h{z)dz 
Moreover, by using Lemma 12.51 



Lp{Xk)'3C{Xk,Xk+l)^ 



< oo, 



h{z)dz I u{s)ds 



LHSdST 



h{z)dz 



1 



h{z)dz + / h{z)dz 



p,u,Ik U{xk)p 



11 {Z) 



Xk 



h{z)dz 



V{Xk) 



+ 



h{z)dz 



Xk 



p,u,Ik U{Xk)P ) 
1 

^{Xk)l 
1 

p,u,Ik U{xk)p 



ei(z) 



Xk 



h{z)dz 



V{Xk) 



+ 



p,u,Ik U{xk)p ) 



Ei{Z) 



Hz)dz \\l\\p^u,ik 



Xk 



U{xk)p 

where Ik ■= ixk-i,Xk), k G Z. By now using the fact that 



ii{Z) 



HI 



Xk 



u{s)ds = U{xk) - U{xk^i) ~ U{xk) 



Xk~l 



(3.4) 
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we find that 





{ 


/ h{z)dz 








J s 





+ 



h{z)dz 



£1(1) 



Consequently, by using Lemma 12.51 on the second term, 





1 


j h{z)dz 








J s 


p,u,Ik U{xk)p J 



+ 



ip{Xk 



h[z)dz 



Xk 



11(1) 
■.= 1 + 11. 



(3.5) 



ei{z) 



To find a sufficient condition for the vahdity of inequahty p.ip . we apply to I locally (that 
is, for any A; G Z) the Hardy- type inequality 

\{z)dz <B{xk-i,Xk)\\h\\i^^j^, h£M+{Ik). (3.6) 

Thus, in view of inequality (|2.12|) . we have that 



/ < 



B{xk-i,Xk[ 



(p{Xk 



U{xk)^ ) 
B{xk-i,Xk) 



< 



B{xk-i,Xk[ 



ei{z) 

1 
1 

U{xk)p 
1 

' 1 
U{xk)p 



ep{z) 



£P{Z) 



i,v,ikf\\e'L(z) 



ll,?;,(0,oo)- 



For //, by inequalities (j2.1ip and (|2.12|) . we get that 

_r^k+i 

^{Xk) 



II 



h{z)dz 



Xk 



ei(z) 



< 
< 



|(/7(xfc) 9 C(xfc, Xk+i)\\h\\i^yj^^^ I 

|(/7(xfc)9C(xA..,XA;+i)| 
^ip{xk)iC{xk,Xk+l)^ 



£P{Z) 



ii{Z) 

{||^||l,i;,i'fe+i}||^i(^) 



ep{z) 



l,i>,(0,oo)- 



Combining p.7p and ()3.8p . in view of (|3.5p . we obtain that 
LHSdO 



< 



B{xk-i,Xk) 



fixk 



U{xk)p 



+ 



iP{Z) 



Lp{xk)''C{xk,Xk+i)^ 



IP{Z) 



RHSfET 



Consequently, (|3.ip holds provided that vl < oo and c < A. 



(3.7) 



(3.8) 



(3.9) 
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Next we prove that condition (j3.4p is also necessary for the vahdity of inequahty (|3.ip . 
Assume that inequahty (I3.ip holds with c < oo. By (]2.8p . there are hk € M~^{Ik)-, k G Z, 
such that 

\\hk\\i,v,h = 1 

and 

1 



-B{xk-i,Xk) < 



for ah /fc G Z. 



Define (7^) A; G Z, as the extension of hk by to the whole interval (0, 00) and put 

fcez 

where {ak}k& is any sequence of positive numbers. We obtain that 

Vi^kY' 



LHS(I3I]) 



> 



Moreover, 



akB{xk-i,Xk 



J U(xk)p 

1 

U{xk)p 



RHS (EH) = c 

l,ti,(0,oo) 

Therefore, by (|3.ip . (]3.13p and (]3.14p . we arrive at 



akB{xk-i,Xk) 



1 

U{xk)p 



< 



11(1) 



and Proposition 12.11 implies that 



-S(Xfc_i,Xfc) 



c||{afe}||fi(z) ■ 



c|||afc|||^i(z) , 



< c. 



On the other hand, there are ipk & ■M.^{Ik), k € Z, such that 

||V'fc||l,r>,4 = 1 

and ^ 

l!^fc|ii,/fc+i > -C(xfc,Xfc+i) for ah /c G Z. 
Define /fc, A; G Z, as the extension of V'A: by to the whole interval (0, 00) and put 

/ = "^bkfk, 

fcez 

where {^fcjfcez is any sequence of positive numbers. We obtain that 



LHSdHlD > 



1 r>'+^ sr^ 1 

/ / b-mfm } 



(3.10) 
(3.11) 



(3.12) 



(3.13) 
(3.14) 

(3.15) 

(3.16) 

(3.17) 
(3.18) 

(3.19) 



^^(Z) 
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Note that 



RHS dXID = c _ 

1,1), (0,00) 

Then, by (j3.ip and previous two inequahties, we have that 

{bkifixk)^ C{xk, Xk+i)^ 
Proposition 12.11 implies that 



c\\{bk}\\ei{z) 



< 



c\\{bk}\\euz 



(Z) 



ep{z) 



< c. 



(3.20) 

□ 



ip{xk)iC{xk,Xk+i 

Inequahties (j3.16p and (|3.20p prove that A < c. 

Before we proceed to inequahty (j3.2p we make the fohowing remark. 

Remark 3.2. Suppose that (p{x) < 00 for all x G (0, 00), where ip is defined by (|2.7p . Let if 

1 

be non-degenerate with respect to Up. Then, by Lemma 12.11 ip ^ Q 1 , and therefore there 

Up 

1 

exists a discretizing sequence for if with respect to Up . Let {xk} be one such sequence. Then 

f{xk) tt ^'iid ip>{xk)U p 14,. Furthermore, there is a decomposition Z = Zi U Z2, Zi n Z2 = 
such that for every A; € Zi and t € [a^fe, a;fc+i]j '■p{xk) ~ V'l*) ^-nd for every G Z2 and 
t G ip{xk)U{xk) " ~ f{t)U{t) p. 

The following lemma is proved analogously, and for the sake of completeness we give the 
full proof. 

1 

Lemma 3.2. Let < p < 00 and let u, v, w be weights. Assume that u are such that Up is 

1 

admissible. Let ip, defined by (j2.7p . be non- degenerate with respect to Up. Let {xk} be any 
discretizing sequence for ip. Then inequality ()3.2p holds for every h € A4^{0, 00) if and only 

"fi^k) +\\y{Xk)C{Xk,Xk+l)}\\f,a.^j^) < 00, 



D 



uixkY 



—B{xk-i,Xk) 



(3.21) 



and the best constant in inequality ()3.2p satisfies D. 



Proof. Using Lemma 12. H Lemma 12.31 Lemma 12. 5^ we obtain for the left-hand side of ()3.2p 
that 

f 00 

h{z)dz 



LHS(I32 



sup 



f{t) 



te(o,oo) U{t)p 





/ '^{Xk) 


/•oo 

/ h{z)dz 




\u{xk)-p 


J s 




\ y^i^k) 


/•oo 

/ h{z)dz 




[Uixkfp 


J s 



p,u,{0,t) 



= (Z) 
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1 




/ h{z)dz 


p,u,lk 1 




U{xk)p 


J s 














+ 




h{z)dz 


} 








Xk 




£°°(Z) 



■.= 111 + IV. 



(3.22) 



To find a sufficient condition for the validity of inequality (I3.2p . we apply to /// locally the 
Hardy- type inequality (13.6p . Thus 



/// < 



B{xk-i,Xk) ''\ \\h\\i,v,lk 



< 



B{xk-i,Xk) 
B{xk~-i,Xk) 



1 

U{xk)p 

^(Xk) 



U{xk) 



= (Z) 



\i,v,ikn\eH 



\l,v,{0,oo)- 



(3.23) 



For IV we have that 
IV = 



^k+i 

V{xk) I h{z)dz 

Xk 



< \\{(p{xk)Cixk,Xk+i)\\h\\i^^j^^^ }\\eoo(z) 

< ||{(/j(Xfc)C(Xfc,Xfc+l)}||^oc(z) ||{ll^l|l,f,/fe+l}||£l(Z) 
= \\{'P{Xk)C{Xk,Xk+l)}\\i,^(^^) l|/i||l,t,,(0,oo)- 

Combining (f3:23]l and ([321]), in view of <K22\i . we get that 
LHSD 



(3.24) 



< 



B{xk-i,Xk) 



1 

Uixk)" 



+ 



^ip{xk)''C{xk,Xk+i)^ 



RHSjl^l). 



Consequently, inequality p.2p holds provided that D < oo, and c< D. 

Next we prove that condition ()3.2ip is also necessary for the validity of inequality (|3.2p . 
Assume that inequality ()3.2p holds with c < oo. By (j3.10p . ()3.1ip and ()3.12p . we obtain that 



LHS(I32D > 



> 



akB{xk-^i,Xk 



1 

, U(xk)p 

p,u,Ik ^ 

V'ixk) 



£°=(Z) 



U{xk)p 



= (Z) 



Moreover, 



RHS (I32I) = c 



c||{afc}||^i(Z) ■ 



(3.25) 



(3.26) 



l,i>,(0,oo) 
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Therefore, by ([32]), (|3:25D and (|3:26|) . 



13 



akB{xk-i,Xk) 
and Proposition 12.11 implies that 



U{xk)p 



< 



c||{«fc}||<?i(Z) > 



(3.27) 



£°°(Z) 



1 



-B(Xfc_-l,X/c) 



< 



(3.28) 



On the other hand, accordingly to (|3.17|) . (j3.18p and (|3.19p . we obtain that 



LHS D > 



> 



\\{bkip{xk)C{xk, Xk+i)}\\ioo^z.) 



= (Z) 



Since, 



c||{^'fc}||^i(Z) > 



RHS D = c 

1,D,(0,00) 

in view of (j3.2p and previous two inequalities, we have that 

\\{bkipixk)Cixk,Xk+i)}\\(,^^z) <c\\{bk}\\(,^^) . 
Proposition 12.11 implies that 

\\{ip{xk)C{xk,Xk+i)}\\i,o.(^^) < c. 
Finally, inequalities (j3.28p and (|3.29p imply that D < c. 
Remark 3.3. In view of (j2.1ip and Lemma 12.51 it is evident now that 



(3.29) 

□ 



£P(Z) 



{^{Xk)''v{Xk,Xk+l)\ _~ {lf{Xk)'iv{Xk,00)\ 



(^(xfc)9C(xfc,Xfe+i)| 
Monotonicity of v{t, oo) implies that 

\\[^iXk)^viXk,Xk+l)^ 

Since |(/9(xj!c)^| is geometrically increasing, we obtain that 



£P{Z) 



l(p(xk)''\ lim ufi, cx)). 



^(p{Xk)''v{xk,Xk+l)^ 



> ip(oo)'' lim v(t,oo). 



This inequality shows that \m\t^(x,v(t^ oo) must be equal to 0, because 9?(oo) is always equal 
to oo by our assumptions on the function (/?. Therefore, in the remaining part of the paper 
we consider weight functions v such that 



lim i)(t, oo) = 0. 

t— >oo 
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4. Anti-dicretization of Conditions 

In this section we anti-discretize tiie conditions obtained in Lemmas 13.11 and I3.2[ We 
distinguish several cases. 

The case 0<p<l, 0<g<oo. We need the fohQwing lemma. 

Lemma 4.1. Let < q < oo, < p < 1, 1/p = {1/q — 1)+, and let u, v, w be weights. 
Assume that u be such that U is admissible and the measure w{t)dt is non- degenerate with 

q_ 

respect to Up . Let {x}S\ be any discretizing sequence for ip defined by (jS.Sp . Then 



where 



A, 



^k-i 



Proof. By Lemma |2.4^ in this case it yields that 



u{s)ds\ u{t)v_{t,ooY dt 



B{xk-i,Xk) 



Xk 



u{s) ds \ u{t)v_{t,XkY dt 



Therefore, in view of (12. lip . Lemma |3.H we have that 



A 



U{Xk)p W^^fe-l \JXk-i 



u{s)ds\ u{t)v{t,Xji.y dt 



+ 



ip{Xk)''viXk,Xk+l)^ 



IP{Z) 



It is easy to see that 

^{Xk) 



Xk 



U{xk)p y-'Xk-i \JXk_i 

^(Xk) 



IP{Z) 



u{s)ds\ u{t)v_{t,XkY dt 



U{xk)p 
V'ixk) 



—v{xk, oo) 



Xk 



u{s) ds u{t) dt 



U{xk)p y^k 



Xk 



u{s)ds\ u{t)v{t,XkY dt 



-1 \>^Xk_i 




+ 



I^^Mi^(^,,oo)f r <t)dt 

(U{xk)p 



Xk-1 



SOME NEW ITERATED HARDY-TYPE INEQUALITIES: THE CASE 61 = 1 



+ 



^Lp{xk)^v{xk,oo)^ 

1 



u{s)ds\ u{t)v{t,Xky dt 



iP(Z) 



+ 



U{xk)p Y^k-i \''xk^ 

^ip{Xk)'^v{Xk,Xk+l)'^ 



u{s) ds I u{t)v{t, XkY dt 



A. 



On the other hand, 

y^{xk) 



A: 



+ 



U{xk)P Wa;fc_i \Jxk- 

^ip{xk)'^v{xk,Xk+l)^ 
1 

'fixk)" 



u{s) ds \ u{t)v_{t^XkY dt 



ep{i.) 



+ 



U{xk)p W^'fc-i X^^k- 
<f{xk)'- 



u{s)ds\ u{t)v{t,XkY dt 



< 



Uixk)' 
fixk)' 



— v{Xk,Xk+l) 



I ft 



u{s) ds u{t) dt 



^k 



u{xk)p w^k-i yj^k 



u{s) ds \ u{t)v{t, ooY dt 



= Ai. 



IP(Z) 



Lemma 4.2. Assume that the conditions of Lemma \^.l\ are fulfilled. Then 

Ai ^ ^2, 

where 



A. 



\ 1 

yu{xk)p 



U{tf 'u{t)v{t, oof dt 



Xk-\ 



£P{Z) 



Proof. Evidently, Ai < A2. Using integrating by parts formula (j2.6p . we have that 

1 

'fixk)" 



Ao 



U{xk) 



[xk-\,Xk) 



v{t,ooyP d{ U{tp 



ep{z) 
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+ |||¥'(2;fe)^2^(a:fc-,oo)||| , , 

( 

J[Xk-l,Xk) \Jxk-i J ^ 



+ 



+ 



C/(xfc)p 



\ 



jU{xk-i)p f / d(-v 



it-, oof 



< 



^ U{xk) 

|(/?(xfc)^2;(xfc-,oo)| 

/ [ / u{s)ds\ d(-v{t-, oof 



+ 



+ 



U{xk) 
I ^jxk)^ 



-U{xk-i)pv{xk-i-,oo) 



\uixk)p 

\^^ixk)''v{xk-,oo)^ 



< 



(fixkY' 



+ 



u{xk)p yA^k-i^xk) 

||(y9(Xfe_l)iv(Xfc_i-,00)| 

^{Xk)' 



I u{s)ds\ d {—v_{t— , ooY 

ip{xk)^v{xk-,oo)^ 



j If u{s)dsY d(-v{t-, oof] 

J[Xk-l,Xk) \Jxk-i J ^ 



U{xk)p \-^{xk-i,xk) 

+ ||{'y2(2;fe)^l^(a^fc-,oo)|| 

Again integrating by parts we have that 

/ * 

/ £_ 

fXk [ft \ P 

I v{t-,oofd\ / u{s)ds\ 

Jxk-i \Jxk-i I 



+ 



U{xk)p 
||(/?(a;fe)92;(xfc-,oo)|| 
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+ 



99(Xfc)^v(xfc-,00)| 



u{s) ds \ u{t)v{t—, ooy dt 



ep{z) 



Since 



^ipiXk-l)^viXk 



_i-,oo) 



^ ^\ v{xk-i — ,oo) if if u{s) ds\ u{t)dt 



< 



1 



u{s)ds] u{t)v{t— ,00) dt 



Xk 



we obtain that 



u{s) ds \ u{t)v{t—, ooY dt 



Lemma 4.3. Assume that the conditions of Lemma \4-1\ are fulfilled. Then 

A2 ~ A3, 

where 

l^^f / u{tfid{-v[t-,oor)dt 

\U{Xk)^ \J[xk-i,Xk) ^ ' 

\^^{xkYv(xk-,oo^ 



A 



3 := 



+ 



Proof. Integrating by parts, in view of inequality ()4.ip and Lemma 14.2^ we have that 
\ Uixk)^ 



As < 



Xk-i 



v{t,ooy dlUit)!^ dt 



[uixky^ 



-U{xk-i)pv{xk^i-,oo) 



+ 



EP{Z) 

|(/3(Xfe)9t;(Xfc-,Oo| 



EP(Z) 
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<A2 + 



A, 



<A2 + Ai^ A2. 



|(^(xfc_i)9w(j;fc__i-,oo| 

|99(Xfc)9t;(xfc-,Oo| 

On the other hand, again integrating by parts, we get that 

I U{xk)p \Jlxk-i,Xk) 

|v9(xfc)^i;(xfc-,oo| 



v{t,oo)P d{ U{t)- 



< 



U{t)l^d{-vit-,oof' 



A.. 



Lemma 4.4. Assume that the conditions of Lemma \4-l\ are fulfilled. Then 

A3 ~ A4, 

where 



A. :-- 



U{t)ird{-vit-,oof' 



+ 



V9(xfe)t ( / d(-v{t-, oof) 



Proof. By Lemma 12.51 in view of Remark 13.31 we have that 
^'.p{xk)^v{xk-, oo|| 



^ - v{xi+i-,oof 



+ 



(00 
^ \v{xi-,oo) 
i=k 

\ip{xk)^ hm oo)| 



£P{Z) 



IP{1) 



iP{Z) 



Vixkf^ / d(-v{t-,cx^f*) 

\J[Xk,Xk + l) 



ip{1) 



Lemma 4.5. Assume that the conditions of Lemma are fulfilled. Then 

Ai ^ A5, 



□ 



□ 
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where 



A. 



ip{xk)t I {t, X p d(-v{t-, oof'^ 



Proof. By Lemma 12.5^ we have that 

1 / 



A. 



+ 



U{xk)p 

if{xk 



[0,xfc) 



U{t)^d[-vit-,ooY' 



Xk,oo) 



d(^-v{t-,oo)P*^ 



Hence 



+ 



if{Xk 

fixk)" 



U{t,Xk) p d[-v{t-, oof 



U{t,Xk)p dl—v{t—,oo) 

[Xfe,00) 

U{t,Xk)^ d (-v{t-,oo)P' 



tP{Z) 



[0,oo) 



A. 



£P{Z) 



□ 



We are now in position to state and prove our first main theorem. 
Theorem 4.1. Let < p < 1, < q < oo, and let u, v, w be weights. Assume that u is such 

q 

that U is admissible and the measure w{t)dt is non- degenerate with respect to Up . 

(i) Let 1 < q < oo. Then inequality (I3.ip holds for every h G A1~^(0, oo) if and only if 



Li := sup 

a:g(0,oo) \J0 



U{x, s)pw{s)ds 



[0,oo) 



h({t, x) p d( —v{t—, oo) 



< oo. 



Moreover, the best constant c in (13. ip satisfies c ~ /i . 

(ii) Let < q < 1. Then inequality (jS.ip holds for every h G A4^(0, oo) if and only if 



Lo :-- 



\ 



oo / roo 



\J0 



U{x, s)pw{s)ds 



[0,<x>) 



U{t,x) p d[—v{t—,ooY I w{x)dx\ < oo. 



Moreover, the best constant c in (|3.ip satisfies c ~ /2. 

Proof, (i) The proof of the statement follows by using Lemmas 13.11 14.1114.51 and 12.31 

(ii) The proof of the statement follows by combining Lemmas 13.11 I4.m4.5l and Theorem 
EE □ 
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The case I < p < oo, < g < oo. The following lemma is true. 

Lemma 4.6. Let 1 < p < oo, < q < oo and let n, v, w be weights. Assume that u is such 

q 

that U is admissible and the measure w{t)dt is non- degenerate with respect to Up. Let {x^} 
be any discretizing sequence for ip defined by (j3.3p . Then 



where 



Bi :-- 



sup 



u{s) ds v{t, oo) 



Proof. By Lemma 12.4^ in this case we find that 

B{xk-i,Xk) ^ sup / u{s)ds\ v{t,Xk). 
xk-i<t<xk yJxk-1 J 

By using (I2.11|) , in view of Lemma 13.1^ we have that 

1 



A 



sup 



+ 



U{Xk)p \xk-i<t<Xk 
1 

ip{Xk)''v{Xk,Xk+l) 



[ u{s) 

Jxk-1 



ds v{t,Xk) 



Obviously, 



Bi < 

-1- r\j 



+ 



(Vixk)" , 
T sup 
U{Xk)P \xk-l<t<Xk 

•fixk)' 



U{xk)p 

] 

'pixkY' 



—v{xk,oo) 



+ 



U{xk)p 

^{Xk) 



sup 

Xk-l<t<Xk 



-v{xk,oo) 



+ 



U{xk) 
\u{xk)p 

|v9(xfc)92;(xA:,Oo)| 



sup 

V \ Xk-l<t<Xk 



u{s) ds v{t, Xk) 



Xk-1 



sup 

Xk-l<t<Xk 



£P{Z) 



u{s) ds 



Xk-l 



EP{Z) 



Xk-l 
Xk 



u{s)dsj v{t,Xk] 
u{s) ds 



IP(Z) 



Xk-l 



IP{1) 



u{s) ds v{t, Xk) 



Xk~l 



£P{Z) 



iP{Z) 
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{ , 



sup 



P \ Xk-l<t<Xk \ JXj._j 



u{s) ds v{t, Xk) 



£P{Z) 



+ 



A. 



A 



On the other hand, 

U{xk)^ 
\ Uixkfp 



sup 



+ 



-v{xk,Xk+i) 



u{s) ds v{t, Xk) 



u{s) ds 



< 



sup 



U{xk)P \xk-i<t<Xk \Jxk 



sup 

Xk-i<t<x^ yjxk^i 

V 

u{s) ds v{t, oo) 



Lemma 4.7. Assume that the conditions of Lemma |^. 6| are fulfilled. Then 

Bi ^ B2, 

where 

I 'fixk)" 



Bo :-- 



[Uixk)-^ 



Proof. Obviously, 
Since 



sup U{t)pv{t, 00) 

Xk-l<t<Xk 



Bi < B2. 



||(p(a;fc)9t;(a;fc,oo)| 

I ^pjxk)^ 
\uixk)^ 

\ U{xk)p 
\u{xk)^ 



Yv{xk, 00) 



Xk 



u{s) ds 



Xk^l 



-v{xk,oo) sup 



Xk-l<t<Xk \Jxk 



u{s) ds 



sup 

Xk-l<t<Xk \Jxf, 



u{s) ds v{t, 00) 



we obtain that 



B2 <Bi + 



I ^^^-^^U{xk-^i)p sup v{t,oo) 

[U{xk)P ^k-l<t<Xk 



ep(Z) 



Bi, 
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<Bi + 
=Bi + 



—U{xk-i)pv{xk-i,oo) 



|v?(xfc_i)9i;(xfc_i,oo)| 



< Bi. 



Lemma 4.8. Assume that the conditions of Lemma |^. 6] are fulfilled. Then 

B2 ~ ^3) 

where 

{U{xk)p \xk-i<t<Xk 



B3 



sup U{t)pv{t, 00) 



+ 



^(p{xk)iv{xk,oo)^ 



Proof. Obviously, 

On the other hand, by ()4.2p . we get that 
|v7(xfc)9v(xfc,Xfc+i)| 



B2 < B3. 



ep{z) 



Thus 



B3 := Bo + 



\^y^{xk)'^v{xk,oo)^ 



< Bi< B2. 



<Bo. 



Lemma 4.9. Assume that the conditions of Lemma \4-6\ are fulfilled. Then 

B3 ~ B4, 

where 



B4 :-- 



tpixk)" sup U{t,Xk)Pv{t,QO) 
V<e(o,oo) 



Proof. By Lemma |2.5[ we get that 



, -I sup U{t)pv{t, 00) 

[U{xk)p Vo<t<Xfc 



£P(Z) 



+ 



+ 



(fixk)" ( sup v{t,oo] 



ip{xk)l ( sup U{t,Xk)Pv{t,(X)) 
0<t<Xk 



(p{xk)i { sup U{t,Xk)pv{t, 00) 

3S'j,<t<00 



ep{z) 

iP(Z) 



SOME NEW ITERATED HARDY-TYPE INEQUALITIES: THE CASE 61 = 1 



23 



Our next main result reads: 



9 sup U{t,Xk)pv{t,oo) 
\te(o,cx)) 



ep{z) 



□ 



Theorem 4.2. Let 1 < p < oo, < q < oo, and let u, v, w be weights. Assume that u is 

q_ 

such that U is admissible and the measure w{t)dt is non- degenerate with respect to Ifp . 
(i) Let 1 < q < oo. Then inequality (|3.ip holds for every h G A4~^{0, oo) if and only if 



/3 



sup 

a:>0 



1 \ 1 _i i 

U{x,t)pw{t)dt \ U{x) p sup U{t)pv{t, oo) < CO. 

/ te{Q,x) 



Moreover, the best constant c in (|3.ip satisfies that 0^/3. 

(ii) Let < q < 1. Then inequality (j3.ip holds for every h € A4^{0, 00) if and only if 



U{x,t)pw{t)dt] U{x) p sup U{t) pv{t, ooY \w{x)dx\ 
/ \te(o,x) / / 



< 00. 



Moreover, the best constant c in (IS.ip satisfies that c ^ L4. 

Proof, (i) The proof of the statement fohows by combining Lemmas 14.61 - IT9l 12.31 and 12.11 
(ii) The proof of the statement fohows by using Lemmas 14. 61 - 12.11 and Theorem l2.1l □ 



The case < p < 00, q = 00. The fohowing lemma is true. 

Lemma 4.10. Let < p < 00 and let u, v, w be weights. Assume that u is such that U is 

1 

admissible. Let if, defined by ()2.7p . be non- degenerate with respect to Up. Let {xf^.} be any 
discretizing sequence for ip. 
(i) IfO<p< 1, then 



D ^ ( ip{xk) 

(ii) If 1 <p < 00, then 
D p 



[0,00) 



U{t^ X}S) p d (^—v{t—, ooY 



= (Z) 



(f{xk) sup U{t,Xk)pv{t, 00) 
V*e(o,oo) ^ 



= (Z) 



Proof, (i) The proof of the statement follows by using Lemmas 13.21 12.4] and 14. II - 14.51 
(ii) The proof of the statement follows by combining Lemmas 13.21 12.41 and 



□ 

Now we are in position to formulate our last main result. 

Theorem 4.3. Let < p < 00 and let u, v, w be weights. Assume that u is such that U is 

1 

admissible. Let ip, defined by ()2.7p . be non- degenerate with respect to Up. 

(i) Let < p < 1. Then inequality ()3.2p holds for every h £ A^^(0, 00) if and only if 



I5 := sup esssupt(;(s)Z//(x, s)p 

a;G(0,oo) \ sG(0,oo) 



[0,00) 



U{t,x) p d{-v{t-,ooy 



< 00. 
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Moreover, the best constant c in ()3.2p satisfies that c ^ I^. 

(ii) Let 1 < p < oo. Then inequality (j3.2p holds for every h G A4^{0, oo) if and only if 

( A _i i 

/e := sup esssupt(;(s)ZY(x, s)p [/(x) p sup U{t)pv{t, oo) < oo. 

xG(0,oo) ysG(0,oo) y iG(0,x) 

Moreover, the best constant c in (|3.2p satisfies that c ^ Iq. 

Proof. Both statements of the theorem foUow by using Lemmas 13. 2| 14.101 12.31 and 12.11 □ 

5. Some Applications 

In this Section we give some apphcations of the obtained results. We start with the weighted 
Hardy inequahty on the cone of non-increasing functions. Denote by Hu the weighted Hardy 
operator 

Hufix) := / f{t)u{t) dt, X E (0, oo) 







U{x) 

Note that the characterization of the weighted Hardy inequality on the cone of non-increasing 
functions 

WHufW /gA1+(0,oo;|). (5.1) 

has been obtained in [2j and [11]. 

The following reduction theorem is true. 



Theorem 5.1. Let < p, q < oo, and let u, v, w be weights. Then the inequality (15. ip holds 
for every f G ^A~^{0, oo; I) if and only if the inequality 



1 \ 1 \ - 



h] u{t)dt] w{x)dx] <C h{t)V{t)dt (5.2) 







holds for all h G A^^(0,oo). Moreover, the best constants c and C in (15. ip and ()5.2p . 
respectively, satisfy C ^ c^. 

Proof. It is well-known that every non-negative, non-increasing function / is the pointwise 
limit of an increasing sequence of functions of the form h for h > (cf. [22], p. 97). 
Since / is non-increasing if and only if f^ is non-increasing, by the Monotone Convergence 
Theorem, (|5.ip is equivalent to 

P 

h] u{t)dt\ w{x)dx\ <cP / /i W;(t)cit, /i G A^+(0,oo), 



/g \U{Xj JQ J j I JO \Jt 

which, by Fubini's Theorem, is equivalent to 

\ 1 



1 



X / roo 



^Jo [ufx) J ^J'^(*)^*j w{x)dxj <cPj h{t)V{t)dt, h&M+{0,oo). 

□ 

Analogously the following theorem can be proved: 
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Theorem 5.2. Let < p < oo, and let u, v, w be weights. Then the inequality 

l|-f^«/lloo,w),(0,oo) ^ c||/||p^„^(o,oo) (5-3) 

holds for every f G A^'^(0, oo; 1) if and only if the inequality 



ess sup w(xy I [ ([ hYu(t)dt] <C [ h(t)V(t)dt (5.4) 
xG(0,oo) \U{x) Jo \Jt J J Jo 

holds for all h € ^^"^(0,00). Moreover, for the best constants c and C in (]5.3p and (I5.4p . 
respectively, it yields that C ^ . 

Combining Theorem 15. II with Theorems 14.11 and 14.21 we obtain the following statement. 

Theorem 5.3. Let u, v, w be weights. Assume that u is such that U is admissible and the 
measure w{t)dt is non- degenerate with respect to V^. 

(i) Let 0<p<l, p<q< oo. Then the inequality ()5.ip holds for every f G A4'^{0, oo; |) 
if and only if 

Ci := sup (/ U{x,tyw{t)dt] U{xr^ I sup U{t)V{typ] < oo. 

xG(0,oo) \Jo J WG{0,x) ) 



Moreover, the best constant c in (15. ip satisfies that c ~ Ci. 

(ii) Let 0<p<l,0<q<p. Then the inequality ()5.ip holds for every f £ A^+(0, oo;i) 
if and only if 

y — q 

C2.= {^j i^j^ ZY(x,t)''iL'(t)dt^ ^ sup C/(t)i^y(t)i^^ < oo. 

Moreover, the best constant c in ()5.ip satisfies that c ~ C2. 

(iii) Let 1 < p < q < 00. Then the inequality ()5.ip holds for every f € 7Vl+(0, 00; J,) if and 
only if 

C3 := sup ( / U{x,tYw{t)dt\[ ( U{t,x)P'-^j^dt] < 00. 



a;e{0,oo) \J0 



V{t)P' 



Moreover, the best constant c in (|5.ip satisfies that c !^ C3. 

(iv) Let 1 < p < 00, < q < p. Then the inequality (j5.ip holds for every f G A4^{0, 00; i) 
if and only if 




p-1 

p-q / _ , „, V{t) _ \ P-1 



C4:=|/ (/ Uix,tywit)dtj ^ Uit,xry^dtj w{x)dx\ <oo. 

Moreover, the best constant c in the (15. ip satisfies that C^. 

Combining Theorems 15.21 and 14. 3| we arrive at the following statement. 

Theorem 5.4. Let u, v, w be weights. Assume that u is such that U is admissible. Let ip, 
defined by 

w(t) 

(p{t) := ess sup U (s) ess sup , t £ {0, 00) , 

se(0,t) tG(s,oo) '-^[t> 

be non- degenerate with respect to U. 
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(i) Let < p < 1. Then the inequality ()5.3p holds for every / G 7W+(0, oo; J,) if and only if 



C5 := sup ess sup {s)u{x,s) u{xy'^ sup u{t)v{typ < 00. 

xG(0,oo) ysG(0,oo) J \te{0,x) J 

Moreover, the best constant c in ()5.3p satisfies that c ^ C^. 

(ii) Let 1 < p < 00. Then the inequality ()5.3p holds for every f G A4^{0, 00; 1) if and only 

if 

Cq := sup ( esssup i(;(s)W(x, s) j ( [ U{t, xY j!* ^ , dt\ < 00. 
a'e{0,oo) \sG{0,oo) J \Jo V{t)P J 

Moreover, the best constant c in (|5.3p satisfies that c ~ Cg. 

Now we consider the generalized Stieltjes transform S defined by 

for all h € A^^(0,oo); the usual Stieltjes transform is obtained on putting U{x) = x. In the 
case U{x) = x'^, A > 0, the boundedness of the operator S between weighted L^ and L*^ spaces 
was investigated in [T] (when 1 < p < q < 00) and in [T9], [20] (when 1 < q < p < 00). This 
problem also was considered in [6] and 0, where completely different approach was used, 
based on the so call "gluing lemma" (see also [E]). 
The following reduction theorem is true. 

Theorem 5.5. Let < q < 00, 1 < p < 00, and let u, v, w be weights. Then the inequality 

ll-S^llg.tu.Co.oo) < c||/i||p,j,,(o,oo), heM^{0,oo) (5.5) 

holds if and only if 



<c||/it/|U(o,oo), /iG7W+(0,oo) (5.6) 

g,ui,(0,oo) 

holds. 

Proof. Evidently, inequality ()5.5p is equivalent to the following inequality: 

\\S{hU%,n,,{0,oo) < c||/iC/|U,(o,oo), h G M+(0, 00). 
It is easy to see that 

S{hU){x)^-^ [ ([ h{s)ds]u{t)dt, /i € A^+(0,oo). 



U{x) Jo 

Indeed, by Fubini's Theorem, we have that 



h{s) ds ] u{t) dt= I (I h{s) ds + j h{s) dsj u{t) dt 

I f'OO f'X 

u(t) dth{s) ds + / h{s)ds / u{t) dt 



Jo 

X 



U{s)h{s)ds + U{x) / h{s)ds 

J X 

^(^) U{xHU{s) ''^'^ = U{x)S{hU){x) 
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that is, 

h I (x), X G (0, oo). 



S{hU){x) « Hu (^^' 



Hence, we see that the inequahty ()5.5p is equivalent to the inequality ()5.6p . □ 

Combining Theorem 15.51 with Theorems 14.21 and Theorem 3.1, 3.2 in |13j . we obtain 
the following statements. 

Theorem 5.6. Let u, v, w be weights. Assume that u is such that U is admissible and the 
measure w{t)dt is non- degenerate with respect to V . Let p, q € (0,oo]. When q < p < oo, 
we set r = 

p-q 

(i) Let p = 1, 1 < q < oo. Then the inequality ()5.5p holds for every h € A4^{0, oo) if and 
only if 

Si := sup I / h{{x,tyw{t)dtj U{x) ^ sup ess sup([/(s)w(s))^"'^ < oo. 

Moreover, the best constant c in ()5.5p satisfies that c ~ Si . 

(ii) Let p = 1, < g < 1. Then the inequality (j5.5p holds for every h £ 7W'^(0,oo) if and 
only if 



(POO / POO \ q* 

J U u{x,tyw{t)dt] [/(x)-"* 



X sup U(ty ess sup(C/(s)t'(s)) w{x) dx < oo. 

\tG(0,x) se(t,oo) J J 

Moreover, the best constant c in ()5.5p satisfies that c ^ 82- 

(iii) Let 1 < p < q < 00. Then the inequality (|5.5p holds for every h € M^{0, 00) if and 
only if 

83:= sup (/ U{x,tyw{t)dt] ( [ U{t,x/U{t)-P'v{t)^-P' dt] < 00. 

Moreover, the best constant c in (|5.5p satisfies that c S3. 

(iv) Let 1 < p < 00, < q < p. Then the inequality (15. 5j) holds for every h € 7W^(0, 00) if 
and only if 

1 

00 / roo \ p / f °° \ ^ \ '' 

U{x,tyw{t)dt] / U{t,x)P'u{typ'v{t)^-P' dt] w{x)dx] <oo. 



\Jo 



Moreover, the best constant c in (15. 5p satisfies that c ^ S4. 

(v) Let p = 00, < q < 00. Then the inequality (j5.5p holds for every h € 00) if and 

only if 



1 - i 



^5 := ( / l^u{t,x)U{t)-^-^j w{x)dxj < 00. 



Moreover, the best constant c in (|5.5p satisfies that c ^ S^. 
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Theorem 5.7. Let u, v, w be weights. Assume that u is such that U is admissible. Let (p, 
defined by 

ip{t) := esssupC/(s) ess sup , t € (0, oo), 
sG(o,t) re(s,oo) U{t) 

be non- degenerate with respect to U. 

(i) Let p = 1. Then the inequality 

ll'5'/l||oo,«),(0,oo) < c||/l||p^^,^(o,oo) (5-7) 

holds for every h G 7W^(0, oo) if and only if 

Sq := sup ess sup w{s)U{x, s) U{x)~^ sup U{t) ess sup{U{s)v{s))~^ < oo. 

a;g(0,oo) \ se(0,oo) / ie(0,x) se(<,oo) 

Moreover, the best constant c in ()5.7p satisfies that c ^ Sq. 

(ii) Let 1 < p < oo. Then inequality (j5.7p holds for every h G A4+(0, oo) if and only if 

St.= sup [esssuvw{s)U{x,s)\ ( f U{t, xf' U{t)-P' v{t)^-P' dty < oo. 
xe(o,oo) yse(o,oo) J \Jo J 

Moreover, the best constant c in ()5.7p satisfies that c ~ Sy. 

(iii) Let p = oo. Then inequality (j5.7p holds for every h € oo) if and only if 

.1 dt 



Ss ■= sup esssupi(;(s)ZY(x, s) | / U{t,x)U{t) ^-777) <oo. 



Moreover, the best constant c in (|5.7p satisfies that c ^ Sg. 
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